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jkeiupm=5\^cfP_wOegQDP_QDz5\`egc[t'uKe±KQ'm^\^Q'§fgzdZ]QDm]\nfgcCzOZ:fgz
O(1)
\^fP_QCk QuCxkx\^MkQ
¡cCegecHfzk dQ'eixkZ:\^c_\nMkQQ§[wkeft'f¥\`mnQ'wOm^Q=Z]QDzC\yuH\nfgcCz
Aexpliciti,j
.
V
Aexpliciti,j .add 
 vertex
fiZu \yupakeQ©t'cKz5\nuKfgzkfzk¤uKege®wdc5Z^Z^fakegQ©\^mnfuKzkKjOeup\^fcKzOZcKZ]f¨'Q
i + 2
cCa[\nuKfgzOQDxa,YuKxkxkfgzkuﬁCQ'm^\^Q'§_\ncﬁ\nMkQUt'jkmnm^QDzC\\^fz,Y\^mnfuKzkKjkeiuH\nfgcCzfgz
Aij
IL:MkQ
k
\^Mm^Q=tcKmyxfz\^MOfZ
\yupakeQ²³cKzkQb¡cKmUQDuCtyM\^mnfiupzkCegQﬁfz¦\nMkQb\^mnfuKzkKjkeiuH\nfgcCzd´`t'cKz5\nuKfgzdZsu
Θ(lg m)
fgzOxkQ§£\^MOup\Uw0Q'mnPf¥\yZ®\^c
uCt't'QDZnZ@\nc\^MkQPc[x[f%OQDx\^mnfiupzkCjkeup\^fcKzfgz
Ai+2,j′
OcKa[\yupfzkQDxuKxkxkfgzkuCQ'm^\^Q§\nc\^MkQ
k
\^M³uKtQC
V
Aexpliciti,j .del 
 vertex
fZ`uZ^fgPfeuKm \nupaOegQ¡cCm`upee¢wdc5Z^Z^fgaOegQx[QDegQ'\^fcKzOZcKŁx[QDKmnQ'Q_KQDm]\nft'QDZD
V
Aexpliciti,j .f lip 
 edge
fiZuZ]fPfgeiupm:\yupakeQU¡cKmsuKege¢w0cCZnZ^fgakeQU­OfwOZ'
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ﬁ
Z egcCzk_uCZ!\nMkQfgzk¡cKmnPup\^fcKzup\]\yuKtyMkQ=x\^cu\^fz5Y\nm^fiupzOKjkeiuH\nfgcCzcp$Z]f¨'Q
i
m^QDPuKfgzdZw0cKeY,zkcpª
PfiupeCfgz
i
D\^MkQ@t'cCZ]\ﬃcp5\^MOQ@Q§[MOuKjOZ]\^fKQ!t'up\nuKegcC mnQ'PuKfgzOZﬃZ]jkaOegfzkQDuKmﬃZ^fgzOt'QIf¥\$tcCzOZ]fiZ]\nZ¢cK
O(22.17
1
4
lg m)
QDz5\^mnfgQ=Z:cpw0cKeY,egcCCuKm^fg\^MkPfit®Z^f¨'QK
¯
aOZ^Q'mnKQ¦\^MOup\\nMkQ dQ'eix
add 
 vertex
upeecH`Z\nc¤w0Q'm^¡cKmnP \nMkQegc[t'uKe®fzOZ^Q'm^\^fcKz cKbu°CQ'm^\^Q'§
fz \nfgPQ
O(1)
IjOzkegQ=Z^Zﬁ\^MkQ\^fz,Y\nm^fiupzOKjkeiuH\nfgcCza0QDt'cKPQDZﬁ\^c,c¦akf©uKzOx PjdZq\a0QZ^wkef¥\=p,kcCmwkjOm^Q
CQ'm^\^Q'§©fgzdZ]QDm]\nfgcCzOZU\^MkfiZﬁtDupzkzkcK\MOupwkw0Q'z\nc5ccKú\^QDzuKzOx
O(1)
uKPcKm^\^f¨'QDxtc5Zq\ﬁfiZcKak\nupfzkQ=x¢L:MkQ
dQ'eixkZ
del 
 vertex
uKzOx
flip 
 edge
uKeZ^c°upeegcH
O(1)
\^fPQ¦¡cKmegc[t'uKescCwdQDmnup\^fcKzOZfzOZ^fx[Qu\^fz,Y
\nm^fiupzOKjkeiuH\nfgcCzakj[\sup\`u\nMkQ'cCm^Q'\^fit'uKe0eQ'CQ'e±\nMkQ'Yx[czkcp\MkQDegw£PjdtyMa0QDtDupjOZ^QKkuCZ QZ]Mdupee¾Z]QDQK[zkcCz
ec[t'uKe¢cKw0Q'myuH\^fcKzdZPu3Ya0QmnQDh5jkfm^Q=xupmnakfg\^myupmnfgeYcpú\nQ'z¾
_º 
  »k ·  ³ ¶ p º H L:MkQ£t'up\nupecK©cp®uKege adcCjkzOxkuKm^Yakfg\KQ=t¬\^cCmbt'cKzOZ^fZ]\nZbcpULuKakegQ=Z
Bpq

t'cKz5\nuKfgzOfgzkﬁuKegedakfg\]ªÑKQDt\^cCmnZIcKﬃZ]f¨'Q
p
upzOx Q'fKM5\
q
¡cKm
p < 1
4
lg m
\ncKKQ'\^MkQDm!fg\^M\nMkQsfz[¡cKmnPuH\nfgcCz
zOQ'QDxkQDx\^cupzOZ^ Q'mŁmnuKzP8ﬁupzOx_Z^Q'eQDt¬\!h5jkQDm^fQDZŁfz_t'cKzOZ]\nuKzC\Ł\^fPQK
¯
aOZ^Q'mnKQ@\^MOup\Ł\nMkQDZ^Q \nuKakegQ=ZItcCzC\yupfz
O(m
1
4 )
Q'z5\nm^fQDZ:cKŁw0cKeY,egcCCupmnfg\^MkPfitUZ^f¨'Q.$\nMkQ'Yt'uKza0QﬁtcCzOZ]\^mnjOt¬\nQDxfgz¦Z^jkakefgzOQDupm:\nfgPQﬁuKzOx\^MkQDfgm
Z]\^cCmnuKKQ:mnQDh5jkfm^Q=Z!uzkQDKefgCfgakeQ`upPcCjkz5\@cp¾Z^wOuKt'QKŁzwOupm^\^fitjOeuKmI\^MkQ=Z]Q®LuKakegQ=Z@tDupzadQ®Q'zkMdupzOt'QDx_\^c
Z^jkwkw0cKm^\UuCxkx[fzk,«Hm^QDPcH5fzk[«HtyMOuKzkKfzk_cKzkQ_akfg\Ufz¦\nMkQbCQDt\^cKmUfztcCzOZ]\nupz5\®\^fP_QuKZ®:uKZUx[cKzkQ¡cKm
LŁupaOegQ
ﬁ
²ú\nMkfiZ`t'uKza0QjOZ^QDx\^cfP_wOegQDP_QDz5\`QtfQ'z5\`fzOZ]QDm]\nfgcCzcKa0cKjkzdxkupmnYKQDm]\nft'QDZy´¬

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	'ﬁ
z ; >=: Qfz5\^mnc[x[jOtQu¦Pupw
G
²¡mnQDZ^w¾
F
´\ncx[Q=Z^t'm^fadQ\^MkQ£uKxHo]uKtQDzOtYmnQ'eiuH\nfgcCzOZﬁa0Q\q Q'QDz°\^fz,Y
²³m^Q=Z]wﬃ$Z^Pupeei´\nm^fiupzOKjkeiuH\nfgcCzOZ'
z_\^MOfZ!Z^QDt\^fcKz_Q:wkmncH,fxkQ@\nMkQ`x[QDZntmnfw[\^fcKz_cpd\^MkQPQ'PcCm^YﬁcCm^5upzkf¨Dup\^fcKzﬁmnQ'eiuH\nfgCQ@\ncU\^MkQ`Z^jka[ª
PuKw
Gi
±MkfityM¦tcCm^mnQDZ^wdcCzOxkZ:\nc\nMkcCZ^Qﬁzkc[x[Q=Z`cp
G
a0Q'ecKzOKfzk\^c\^MkQ_Z^uKPQZ]Pupee¾\nm^fiupzOKjkeiuH\nfgcCz
ST i IL:MkQsPuKw G ²6uKZ@QDegeOuCZ F ´$Pu3YMOu3CQ:Pjkeg\^fwkeQ®upmyt'Z$cCm!ec5cCwOZIakjk\upeeOfg\nZ$³uCtQ=Z!MOu3CQ:xkQ'KmnQ'Q
≥ 3  @uKtyMuKmnt`cp G adQ'\qQDQ'z T T j upzOx T T j′ t'cKmnm^Q=Z]w0cKzdxkZ$\^cbuﬁZ]fix[QUZ]MOuKm^Q=x_a5Y T T j uKzOx T T j′ 
    ﬁ$ ,( *ﬂ  '(*ﬁﬃ  ﬁﬃ#*  $	 ﬃ) -	 .ﬁﬃ(
sQ'mnQs Q®CfgCQ®u_x[Q\yupfegQ=xx[Q=Z^t'm^fw[\nfgcCzcp¾\nMkQﬁ}t'cKeegQ=t¬\nfgcCzOZ@cKﬃQ§,\nQ'zOx[fakeQUuKm^myu3Y[Z'5uKZnZ]c[t'fup\^QDxfg\^M
ubzkc[x[Q
Gi
,\nMOuH\`Z]\^cCm^Qs\^MkQfz[¡cKmnPuH\^fcKzm^QDeup\^fKQs\^cb\^MkQtcCPakfzOup\^cKmnfiupe±Zq\nm^jOt\^jkmnQK5\nMkQadcCjkzOxkuKm^Y
eiupa0Q'eefgzkupzOx\nMkQuCx3o]uKt'Q'zOt'Ym^QDeup\^fcKzOZcKsupee@\nMkQ\nfgz,Y\^mnfiupzkCjkeup\^fcKzOZﬁf¥\nMkfgz¤\^MkQZ^uKPQZ]PuKege
\nm^fiupzOKjkeiuH\nfgcCz¾ŁL:MOQDZ^Qzkcp\yuH\^fcKzdZQ'§,\^Q'zdxuKzOxupmnQt'cKMkQDm^QDz5\:fg\^M\nMkQzkcp\yuH\nfgcCzOZ cpU; =Ñ
6
ﬁ
zﬁQ'§,\^Q'zdx[fgaOegQ upmnmnu3Y
Si
fiZ¾jOZ^QDx\ncsZ]\^cKmnQ!uKxHo]uKtQDzOtYUmnQ'eiuH\^fcKzdZ¢adQ'\qQDQ'zZ^Pupeep\nm^fiupzkCjkeiuH\^fcKzdZ
²¡mnQ'wkmnQDZ^Q'z5\nQDxa5Yupmyt'Z fgzPupw
F
´ﬂ.$\nMkfZsupmnmnu3YMOuCZ
O(lg2 m)
mnQDtcCmnxOZ',QDuCtyMcKŁZ^fg¨DQ
Θ(lg m)
akfg\nZDkegfiZ]\^fzk_\^MkQzkQDfgCM5a0cKmyZ cp\^MkQZ^jka[ªÑPuKw
Gi

ﬁ
eg\^MOcKjkCM
Si
Pu3YMOu3CQUZ^f¨'Q
O(lg3 m)
kf¥\
fZ`PjOtyM£Z]PuKegeQ'mcCzu3CQ'myupKQ_²³Z^Q'Q
¾QDPPu a0Q'ecHs´¬
6
ﬁ
zQ§,\nQ'zOx[fakeQ`upmnmnu3Y
Ti
fiZIjOZ^QDx\^cﬁZ]\^cKmnQ fgz[¡cCm^Pup\^fcKzOZ$mnQ'eiuH\nfgCQ@\ncQDuKtyMb\^fz,Y\^mnfiupzkCjkeup\^fcKz .
\^MkQm^Q=tcKmyx
Ti[j]
kmnQ'eiuH\^fKQ\nc\^MkQ\nfgz,Y\^mnfuKzkKjOeup\^fcKz T T i,j t'cKzOZ^fiZq\yZ:cpŁ\^MkQ O(lg lg m) akfg\
tcCzOt'up\^Q'zduH\^fcKzcp\^MkQ¡cCegecHfzk OQ'eixkZ5.
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  Gti,j
fZ:\nMkQz,jkPa0Q'mcKﬃ\nm^fiupzkCegQ=Z:fgz T T i,j 
  Gbi,j
fZ:\nMkQﬁZ^fg¨DQUcKﬃ\nMkQadcCjkzOxkuKm^Ycp T T i,j 
  Gsi,j
fZ:\nMkQﬁx[QDKmnQ'QUcpŁ\^MkQzkc[x[Q
Gi,j
fz\^MkQPuKw
Gi

  GPAi,j
fiZ`u_m^Q'¡Q'mnQ'zOt'QU\^c\^MOQﬁm^Q=tcCmnx¢,fz¦upz£upmnmnu3YcK\nMkQﬁtcCegeQDt\^fcKz
PAi
adQDegcHkMOQ'mnQ
\nMkQtcCPakfzOup\^cKmnfiupe$Zq\nm^jOt\^jkmnQcp T T ij fZfPwkegfitfg\^eYZ]\^cCm^Q=xuCZum^Q'¡Q'mnQ'zOt'Qbfz LuKakegQ
A

  GPBi,j
fZ`umnQ¡QDm^QDzOtQ®\^c\nMkQmnQDtcCmnx¾[fgzupz£upmnmyu3Ycpﬃ\nMkQt'cKeegQ=t¬\^fcKz
PBi
adQDegcHkMOQ'mnQ
\nMkQa0cKjkzOxOupmnYeuKadQDegefzkcp T T ij fiZfP_wOegfitfg\^eYZ]\^cCm^Q=xuCZubmnQ¡QDm^QDzOtQUfz£LŁupaOegQ B 
  GEi,j
fiZu_m^Q'¡Q'mnQ'zOt'QK,fzuKzupmnmyu3Y_cKﬃ\nMkQtcKeeQDt¬\nfgcCz
PEi
a0Q'ecH5\^c_\^MOQUefiZq\cpŁMOupeg³upmyt'Z
fzOt'fx[QDz5\\^czkc[x[Q
Gij

 @uKtyMcpI\nMkQDZ^QOQDexOZUtDupz¦a0Q_m^QDwkm^Q=Z]QDz5\^QDx£cCz
O(lg lg m)
akfg\nZD¢Z]fzOt'QPupw
Gi
MOuKZUuH\UP_c5Zq\
O(lg m)
zkc[x[QDZuKzOx
O(lg2 m)
uKmntDZ'
6
ﬁ
t'cKeegQ=t¬\^fcKz
PAi
cK¾Q§,\^QDzOZ^fgakeQ®uKm^myu3Y[Z$fZjOZ^QDx\ncZ]\^cKmnQ`fPwkegfitfg\^eY¦²³uCZ!mnQ¡QDm^QDzOtQ=ZI\^cbLuKakegQ
A
´`\^MkQtcCPakfzOup\^cKmnfiupeZ]\^mnjOt\^jkmnQDZ®cpI\nMkQ\nfgz,Y£\nm^fiupzkCjkeiuH\^fcKzdZ`cp
Gi
L:MkQbt'cKeegQ=t¬\nfgcCz
PAi
tcCzOZ]fiZ]\nZ:cp
O(
√
lg m)
Q'§,\^Q'zdx[fgaOegQﬁuKm^myu3Y[Z/.ﬃ\^MkQ
k
\nMupmnmnu3Yfz\nMkfZstcKeeQDt¬\nfgcCzMduKZ m^Q=tcCmnxkZ cK
Z]f¨'Q
k
√
lg m
  @uKtyMm^Q=tcCmnxfZPQ=upz5\:\^ctcCz5\nupfzuwdupfm cK\nMkQ¡cKmnPZ.
 
L:MOQsfzOx[Q§cK¢u\^fz5Y_\nm^fiupzkCjkeiuH\^fcKzfzLŁupakeQ
A
$L:MOfZfgzdx[Q§MOuCZ@Z^fg¨DQ
2.17r
akfg\nZf¥¾\nMkQ
\nm^fiupzOKjkeiuH\nfgcCzMOuCZZ]f¨'Q
r

 
ﬁ
lg lg n
akf¥\yZ:fgzdx[Q§jOZ]Q=x£uKZ aOuKtﬃ8,:upmyxw0cKfz5\^Q'mfz\nuKakegQ
Ti

®up\nubwOupfmyZ@fege±a0QuKxkx[Q=x¢,m^QDPcHKQDxuKzOxPc[x[f%OQDxfgz
PAi
akj[\ QUZ^MOuKege0Q'zOZ^jkmnQs\nMOuH\:QDuCtyM
wOupfmfZuKeg:u3Y[Zbu0 Q=t¬\^Q=x \nc\nMkQupmnmnu3Yfg\^M.Z^PupeegQ=Zq\fzOx[Q§
k
upPcKzOuKm^myu3Y[Zf¥\nM.eiupmnKQ
Q'zkcCjkKMmnQDt'cKmyxkZ$¡cCm@fg\@\^ck\DIL:MkQ®cCmnxkZ!m^QDwkm^Q=Z]QDz5\^fzk\^MkQ=Z]QswOupfmnZDKQDzOtc[x[fzkﬁfPwkeft'f¥\nQ'eYu
\^fz,Y\nm^fiupzOKjkeiuH\nfgcCz¾OupmnQwOuCxkx[QDx£cCj[\`\nc\^MkQbzkQ§,\sPbjkeg\^fwkegQbcp
√
lg m
. egQ'\sjOZscKaOZ^Q'mnKQ\nMOuH\
\^MkfiZwOuCxkx[fzkcKw0Q'myuH\nfgcCzx[c,Q=Z: uCZq\`uH\PcCZ]\
√
lg m
akf¥\yZw0Q'm:\^fz,Y\nm^fiupzkCjkeiuH\^fcKzﬃ
6
ﬁ
t'cKeegQ=t¬\^fcKz
PBi
cp¾Q§,\nQ'zOZ^fgaOegQsuKm^myu3Y[Z$fZjOZ^QDx\ncZ]\^cKmnQ`fPwkegfitfg\^eY¦²³uCZ!mnQ¡QDm^QDzOtQ=ZI\^cbLuKakegQ
B
´ \nMkQﬁa0cKjkzdxkupmnYakfg\sKQ=t¬\ncKmyZ'@L:MOQﬁtcKeeQDt¬\nfgcCz
PBi
fiZPc[x[Q'eQDxupú\^Q'm
PAi
fg\^M£\nMkQcKzkeY
x[f(0 QDm^QDzOtQ \^MduH\If¥\!t'cKz5\nuKfgzOZŁfzOx[fitQ=ZcKda0cKjkzdxkupmnYakfg\$CQDt\^cKmyZfgzLuKakeQ
B
pfzOZq\nQDuCxﬁcp0fgzdx[ft'QDZ
cp¢\nfgz,Yb\^mnfuKzkKjkeiuH\nfgcCzOZD-,kcCmu\nfgz,Y_\^mnfiupzkCjkeup\^fcKzfg\^Ma0cKjkzdxkupmnYbZ^fg¨DQ
p
uKzOx
q
Z]fix[QDZDC\^MkQ=Z]Q
m^Q'¡Q'mnQ'zOt'QDZ:mnQDh5jkfm^Q
O(q lg p)
akfg\nZD
6
ﬁ
t'cKeegQ=t¬\nfgcCz
PEi
cK¾Q§,\^QDzOZ^fgakeQ®uKm^myu3Y[Z$fZjOZ^QDx\ncbZ]\^cCm^Q\nMkQ²³t't' Z]cCm]\nQDxO´IegfiZq\yZ@cK¾MOupegﬃupmyt'Z
fgzdtfix[Q'z5\\^c\nMkQzkc[x[Q=Z
Gi,j

,kcCmQDuKtyMMOuKe¥úªupmytp5\^MOQ¡cKeegcHfzk
O(lg lg m)
aOf¥\ OQDexOZupmnQZ]\^cCm^Q=x?.
  GTij .source
fiZﬁu£mnQ¡QDm^QDzOtQfz°LuKakeQ
Ti
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